Hankel function imaginary unit acoustic wavenumber radial wavenumber axial wavenumber axial aperture length ℓ order of Hankel function Introduction IGH-RESOLUTION acoustic modeling of full-scale supersonic jet engines is a key tool for identifying the sources to be targeted in jet-noise reduction strategies. Laboratory-scale data is critical but may be insufficient because some source behaviors and noise prediction models are difficult to scale up with the precision necessary to inform full-scale engine design decision criteria. Near-field acoustical holography (NAH) was developed for threedimensional imaging of noise sources, 1, 2 and it has been used to characterize both laboratory-scale 3,4,5 and full-scale jet noise. 6, 7 NAH is applied here to reconstruct an equivalent acoustic source model and radiated sound field properties of an F-35. The narrowband reconstructions provide insights into the frequency-dependent variations in the sound radiation as well as insights into the multilobed directivity observed in previous studies. 7, 8, 9, 10 The development of next-generation engines for tactical military jet aircraft can benefit from targeted noise source reduction during the design phases.
Many efforts to produce an equivalent source model for jet noise has focused on the noise in the dominant radiation lobe. Mollo-Christensen 11 observed correlated regions in the sound near jet flows as early as 1967 and modeled them with analytical functions that represented a spatially correlated source with a characteristic wave number, phase speed, and amplitude modulation (downstream growth and decay). These properties have become tenets of jet noise modeling efforts. Tam 12 linked the dominant directional acoustic radiation to the growth and decay of instability waves in the jet shear layer. Tam 13 also proposed that the relation between the peak radiation direction and the source phase speed is the same as the relation between the direction of Mach wave radiation and the speed of a supersonically traveling wavy wall. The narrowband NAH imaging efforts of the F-35 noise support many of these ideas but also provide evidence that there are additional features, such as multilobe radiation, in full-scale jet noise that need to be explained.
Multilobe radiation is a seemingly ubiquitous feature of full-scale jets 14, 15, 16 that has recently received increased attention. 8, 9 Although no conclusive explanation of multilobe radiation has been given, its origins are being investigated. At least as early as 1992, Seiner et al. identified multiple "families" of Mach waves in high-temperature jets, with varying convective velocities. Tam and Parrish 17 sought to explain multiple spectral peaks shown in prior one-third octave (OTO) band spectra 9 in terms of indirect combustion noise sources that originate from within the nozzle. In a large-eddy simulation of an underexpanded jet, Liu et al. 18 showed an aft noise lobe, in addition to the Mach wave radiation lobe, and ascribed this second lobe to the maximum contribution of the shock-associated noise. In Fig. 13 of Ref. [18] (cold jet) and Fig. 9d of Ref. [19] (heated jet), striation patterns were shown in the spatial/spectral domain of the source that resulted from the shock-cell noise component. In an NAH experiment of a high-speed, heated, laboratory-scale jet by Long et al., 20 similar striations were shown to match the locations of shock cells when imaged at the source. The results of these studies and a previous NAH reconstruction of a full-scale jet 7 point toward shock cell interactions as a likely cause of multilobe radiation. Another possible contribution to the multilobe radiation pattern was suggested by Liu et al. 21 from simulations of a high-temperature, ideally expanded supersonic jet, free of shock cells. These simulations show that at high temperatures, two noise components exist and suggest that Mach wave radiation and large-scale turbulence radiation may be distinct phenomena, rather than two descriptors of the same source mechanism.
A frequency-dependent characterization of the multilobe radiation is obtained from NAH imaging of jet noise from a tethered F-35. In this paper, a brief discussion of the experimental setup describes the three acoustic arrays used for the hologram and benchmark verification of the NAH reconstruction. An advanced NAH method called multisource statistically optimized NAH (M-SONAH) was developed previously to incorporate the effects of multiple or spurious sources in a sound field. 22 This method can account for the presence of ground reflections the noise imaging of tethered, high-performance military aircraft and the application methods of M-SONAH to the F-35 data is described. Preliminary NAH reconstructions at 100% Engine Thrust Request are compared with benchmark measurements for both inward and outward propagation. Sound field images are presented, including a discussion of the multilobe nature of the F-35 sound field and evidence of broadband shock associated noise. The narrowband NAH reconstructions provide evidence that, while prior OTO spectra exhibited a transition between two peak frequencies, there are in fact more than two such transition frequencies. These results provide additional characterization of the multilobe phenomenon that needs to be accounted for in future modeling efforts. 
II. Experiment
An extensive measurement of F-35A and F-35B acoustic emissions was performed at Edwards Air Force Base in 2013. 23 Each aircraft was tethered to a concrete run-up pad (see Fig. 1(a) ). The engine was cycled through various engine powers from the lowest power setting of approximately 13% Engine Thrust Request (ETR), also called IDLE, up through the highest setting of 150% ETR. Each variant of the F-35 had a Pratt & Whitney F135 afterburning turbofan engine, which can achieve up to 43,000 pounds of thrust. The engine had a round nozzle that was approximately 1 m in diameter, but the nozzle size changed as a function of engine power. The nozzle center was 2 m from the ground.
The coordinate system relative to the aircraft is shown in Fig. 1(b) . The distance downstream of the nozzle is represented by , the perpendicular distance from the jet centerline by , and the distance above the ground by . This coordinate system is different than the one used in a previous report of measured F-35 field levels based on the same dataset 23 but is consistent with the coordinates used in previous full-scale imaging studies. 6, 7 To facilitate this consistency, the figures shown herein are mirror images of the physical reality of the measurement. Polar angles are shown with respect to the direction forward from the aircraft nose (inlet axis), and are centered on a point called the microphone array reference point (MARP) that was 6.6 m behind the nozzle for the F-35A (7.5 m for the F-35B). A large number of microphones were deployed from the extreme near field to over 1200 m from the aircraft during measurements. For the purposes of this paper, three microphone arrays are discussed. First, a linear microphone array designed for NAH was placed along the ground with 0.45-m spacing, which spanned 32 m along the length of the jet (a total of 71 microphones), as shown in Fig. 1(b) by a black line. This NAH array was approximately parallel to jet shear layer boundary. The second array, called the near-field (NF) array (red squares in Fig. 1(b) ), contained four microphones on the ground and was closer to the jet than the NAH array. Lastly, an arc of microphones with a radius of 76 m and centered on the MARP was placed at a height of = 3.7 m above the ground. Data from the NF and arc arrays are compared to NAH reconstructions, as validation of the method, in Section IV. 
III. Imaging Methods
Because the aircraft noise was measured in the presence of a rigid ground surface, the effects of the reflections must be incorporated into the NAH algorithm. The underlying source model assumed in the NAH method is an equivalent wave model (EWM) of the sound field consisting of two sets of cylindrical wave functions, one centered on the jet centerline and a second centered on the reflected image of the centerline. An advanced NAH algorithm called multisource statistically optimized NAH (M-SONAH) was developed to accommodate such models 22 and was validated in a previous full-scale jet noise analysis. Each of these steps is explained in more detail. First, the frequency-dependent complex pressures are obtained for all locations and engine conditions. The recorded time signals are split into blocks with 50% overlap and windowed with a Hanning function, then the Fourier transform is applied to each block to give complex pressures. The remainder of the processing is performed on selected narrowband frequencies independently. For each selected frequency, the input hologram is defined as the complex pressures for the different blocks across the NAH array.
This input hologram, however, is not necessarily self-coherent -a requirement in an NAH algorithm. Hence, for the second step, a PFD based on singular value decomposition (SVD) 24 of the input hologram is performed that results in a collection of self-coherent, but mutually incoherent, partial fields. Steps 3-5 are performed independently on each partial field; the partial fields were summed to obtain the total fields in step 6.
The SONAH algorithm 25 was originally developed in part to relax the requirement for a measurement aperture that extends far beyond the edges of a source, as is required in conventional NAH. Thus, at least when the standoff distance of the hologram from the source is very small, SONAH reconstruction artifacts from the data truncation at the edges are insignificant. For the current experiment, the aperture was limited by the fact that transducers could not be placed closer than several meters to the aircraft and even the 32-m aperture was not sufficient to capture all of the downstream radiation from the extended jet noise source for the lowest frequencies. In addition, the relatively large propagation distances would result in significant edge-related artifacts if the measured hologram data were used directly. To mitigate the effects of aperture limitations, the third step is to numerically extrapolate the hologram partial fields.
In preparation for this work, several extrapolation methods were investigated for their ability to represent physically realistic data immediately outside of the measurement aperture. 26 Linear forward prediction was chosen for its relatively high accuracy in numerical experiments and its computational efficiency.
In linear forward prediction, 27 the coefficients of a polynomial are determined from existing data, and the polynomial is then used to predict data beyond the original aperture. In the current study, the complex pressure data along the partial field are used to determine the coefficients of the polynomial, and the value of the polynomial immediately beyond the last point of the row is taken as the first data point outside the aperture. Then, the entire row of data, including the first extrapolated point, is used to find a polynomial and predict the second extrapolated point. This process is repeated to extend the aperture about 20 m in both the upstream and downstream directions for all partial fields. Then, a Tukey window is applied to the extended data to reduce reconstruction artifacts that result from non-physical predictions far from the measurement aperture edge. The Tukey window is defined to have a value of 1 at the measurement aperture edge and to decay to 0 within 1 acoustic wavelength.
Fourth, the EWM used in the M-SONAH algorithm is formulated to represent the jet in the presence of the ground reflection. As described in Ref. [22] , the EWM includes one set of cylindrical wave functions centered on the jet centerline and a second set centered on the image source created by the reflection. Cylindrical wave functions for outward propagating waves are defined as American Institute of Aeronautics and Astronautics
where , , and are the radial, azimuthal, and axial spatial coordinates, respectively; ℓ (1) is the ℓth-order Hankel function of the first kind; represents the imaginary unit; 0 is some small reference radius (traditionally the assumed source radius); 28 and is the axial wavenumber. The radial wavenumber, , is then constrained by
where = / is the acoustic wavenumber, is the angular frequency, and is the speed of sound. Two wave function sets are chosen to represent the jet source and its image in the EWM. The wave function sets are defined in Table 1 , along with the necessary equations to transform from the Cartesian coordinates of Figure 1(b) to the respective coordinates used in each wave function, and the orders and coordinate-specific wave numbers included in each set. The vector = ( , , ) in Table 1 represents a local coordinate in the respective wave function set, with = 0 being the centerline of the jet (or the centerline of the reflected image source). In cartesian coordinates, the jet centerline is at = 0 m, = 2 m, and the image centerline is = 0 m, = −2 m. The vector ℎ corresponds to positions of the set of hologram points (after aperture extension), and is the set of locations at which the sound field is to be reconstructed. Thus, 1 and 2 are the hologram wave function matrices for the jet and image sources, respectively, and 1 and 2 are the respective reconstruction matrices. In Table 1 , the wavenumber spacing, Δ , and the wavenumber extrema, | | max , are specified by the axial aperture length, , and the axial sample spacing, Δ , according to the recommendations of Hald.
2 Each wave function matrix has a number of rows equal to the number of wave functions and a number of columns equal to the number of hologram or reconstruction points. The total EWM matrices are formed by concatenating the two sets of wave functions for the hologram and reconstruction locations, respectively, as = [ For this analysis, only the azimuthal order ℓ = 0 is included, because the EWM is restricted to the axisymmetric mode. The limited azimuthal coverage of the measurement made the representation of higher orders inaccurate. This does not mean that higher orders are not important to model the jet, only that the array did not accurately capture them. However, the axisymmetric source assumption combined with the ground reflection in the EWM seems to have captured salient features of the interference pattern 8 that are essential for modeling how the source behaves in the presence of the ground reflection. Additional investigations will be performed to investigate these assumptions further.
With the EWM defined, the fifth step of sound field propagation was performed. At this point, the M-SONAH processing becomes identical to, SONAH. 2 The projected pressures at the reconstruction locations are
where superscript H is the Hermitian transpose, T ( ℎ ) is the transpose of the complex pressures on the hologram, and H is the regularized inverse of H . Regularization was performed using the modified Tikhonov filter in conjunction with the generalized cross-validation (GCV) procedure for the selection of the regularization parameter. 29 In the concluding step, the squared pressures of all partial fields are summed to obtain the magnitude of the total pressure field. All the levels shown in dB here are scaled to represent the levels extracted for select frequencies from a power spectral density.
IV. Results
As a preliminary result, the input hologram of the F-35A at 100% ETR engine power is used in M-SONAH to reconstruct the sound field. Level differences between the F-35A and F-35B were typically less than 1 dB, so it is expected that source characteristics for the F-35B would be similar to those shown here. The first part of this section compares field M-SONAH reconstructions to measured benchmark levels at the NF and arc arrays. The second part shows two-dimensional field reconstruction maps in the jet vicinity and discusses source and radiation characteristics. Validation of the M-SONAH field reconstructions is shown via comparison with measured levels at six frequencies from 33 to 501 Hz. The ideal validation of the ground reflection model would include comparison of reconstructions to data points sampled vertically in high resolution. Such data were not collected in this measurement, but the two arrays selected for the benchmark comparison herein were located at different heights: one on the ground and one 3.7 m above the ground.
Inward reconstructions at the location of the NF array are shown in Fig. 2(a) . Note that differences between reconstructions (symbols) and benchmarks (lines) are less than about 2 dB for most locations at 33 -249 Hz. At 249 Hz, the differences are larger near the aperture edges ( = 3 m and = 21 m), and these edge errors grow with increasing frequency. This is partially due to the fact that, for the highest frequencies, there were fewer than two microphones per acoustic wavelength (the theoretical "Nyquist" limit for the array spacing is 375 Hz). However, at the location corresponding to largest measured level (near = 8 m) the difference between reconstructed and measured levels is 0 dB at 249 Hz, 2 dB at 402 Hz, and 4 dB at 501 Hz, because the primary radiation energy for all frequencies was obliquely incident on the array, so the two-microphone-per-wavelength criterion was met for the trace wavelength along the array. 30 This comparison provides evidence that the M-SONAH successfully reconstructs levels closer to the aircraft than the NAH array within the limitations of the array.
Overall, the outward reconstructions to the 76-m arc, shown in Fig. 2(b) , match the measured levels and spatial trends in the far field. At 33, 63 and 126 Hz, the reconstructed levels (lines) follow the same trends as the measured levels (symbols) with a few exceptions. First, the underestimation of the maximum level near 150˚ for 33 Hz is likely due to the limited spatial extent of the NAH array and the far-downstream directivity of the lowest frequencies. Second, the oscillatory behavior in the reconstructions at 126 Hz is due to the windowing effects from a finite measurement aperture, which is common in the low-amplitude regions of NAH reconstructions. At 249, 402 and 501 Hz, the maxima in the reconstructed levels are within 2-3 dB of the measured levels and occur within 0° to 10° of the maximum angles. Away from the dominant radiation direction, the reconstructions underestimate the levels-an effect that becomes more pronounced with increasing frequency. This underestimation may occur because of low spatial coherence of the sound field of the array and the reduced-order "filtering" that occurs during the PFD process. Further investigations are necessary to confirm this and correct the limitation.
It is interesting that the low-frequency level reconstructions (33-126 Hz of Fig. 2(b) ) are within 5 to 10 dB of the benchmark as far forward as 0˚ (See Fig. Figure 1(b) ), even though the NAH array only extended to roughly 40˚ upstream. The jet noise sources for these frequencies originated from regions about 15+ m downstream of the nozzle, which may result in an extended effective upstream coverage by the NAH array. It is also possible that the underestimations typical of insufficient array aperture coverage are countered by the shielding effects of the aircraft body in the forward direction. Additional verifications are necessary before the current M-SONAH reconstruction can be used to model the forward radiation.
Another important feature of the far-field reconstruction is the presence of a distinct local maximum in the forward direction (around 50˚) for 402 and 501 Hz in Fig. 2(b) . Such a local maximum does not exist at the lower frequencies, which is behavior consistent with broadband shock-associated noise (BSAN). The appearance of the maxima at 50˚ in the reconstructions-approximately 10-20 dB above the surrounding levels-indicate this noise feature has high coherence (again consistent with BSAN). The fact that the levels are much closer to the benchmark measurement at 50˚ than the surrounding levels suggests that the hologram may have contained sufficient information about this noise feature. The local maximum is less distinct in the benchmark measurement, suggesting that BSAN may be a highly coherent feature that is dominated or overshadowed by less coherent fine-scale turbulence radiation in the forward direction.
The comparisons between the reconstructions and measurement shown in Figure 2 give an indication of the performance of M-SONAH when used to reconstruct the three-dimensional sound field around the aircraft. The reconstructed fields at a height of = 0 m are displayed in Figure 3 for the same six frequencies shown previously. The white line indicates the location of the NAH array. In the far field, the dominant radiation lobes swing forward as frequency increases. Note also the presence of a narrow, low-amplitude lobe, attributed to BSAN, radiating in the forward direction for 402 and 501 Hz, consistent with the directivities shown in Fig. 2(b) . The reconstruction levels near the jet centerline ( = 0 m) correspond to an M-SONAH-derived, frequency-dependent equivalent source model of pressure distributions that contract and move upstream as frequency increases. These preliminary reconstructions demonstrate the potential of M-SONAH in equivalent source modeling and field prediction efforts. American Institute of Aeronautics and Astronautics The M-SONAH field reconstructions also provide the opportunity to probe F-35 multilobe radiation. A dual-lobe in the level measured in the vicinity of a high-performance military aircraft operating at high engine powers was previously described in Refs. [8] and [31] . Since then, this feature has been hypothesized to arise from shockcell/turbulent structure interactions, 7 the separation of Mach wave radiation from large-scale turbulence radiation, 32 and internal combustion noise. 17 The prior full-scale jet noise was reported in terms of one-third octave band spectral levels showed only two lobes, but the narrowband power spectral densities (PSD) for the F-35A, shown in Fig. 4 , indicate that there are more than two lobes. The PSD as a function of distance z along the NAH array reveal the presence of three distinct local maxima near the frequency/location pairs of (100 Hz, 20 m), (230 Hz, 13 m), and (350 Hz, 10 m), with a less distinct fourth maximum near (475 Hz, 9 m). Prior hypotheses about the cause of the dual-lobe feature need to be reevaluated in light of these additional peaks. The spatial/spectral behavior of these multiple lobes is clarified by examining reconstructed power spectral density levels for narrowband frequencies from 96 to 510 Hz, with 18-Hz resolution. M-SONAH reconstructions over the = 0 m plane in Fig. 5 predict how the sound radiation changes with frequency. The dashed line on each sound map does not have physical significance; it is a spatial reference point at the same location on each map to facilitate multilobe comparisons across frequencies. The two lowest frequencies (96 and 114 Hz) show a single dominant lobe. As frequency increases from 132 to 168 Hz, this lobe gradually swings more toward the aft direction, and a second lobe emerges at a slightly lower angle (upstream). From 186 to 222 Hz, the first lobe diminishes. The second lobe swings aft with increasing frequency, and a third lobe emerges just upstream of the second from 258 to 294 Hz. Then the second lobe diminishes from 312 to 330 Hz. Finally, a fourth lobe emerges upstream of the third between 384 and 420 Hz (still in the aft direction, not to be confused with the BSAN lobe pointing in the forward direction), although it is less distinct than the previous three. At 456 Hz and above, the third lobe has diminished and all features of the primary radiation exist in a single, merged lobe. Comparison of reconstructions from 96 Hz to 510 Hz in Fig. 5 shows that the overall primary radiation shifts gradually in the forward direction with increasing frequency, but each lobe independently shifts aft with increasing frequency. It is possible that this behavior is due to the interaction of turbulent structures with regularly spaced shock-cell boundaries. 20 However, unlike the laboratory-scale studies where direct connections can be made between localized acoustic source maxima and shock cell boundaries, [18] [19] [20] the full-scale lobes American Institute of Aeronautics and Astronautics shown in Fig. 5 coalesce in the vicinity of the source, precluding a one-to-one correlation of lobe origins to individual shock cells. Alternative investigations may be required to validate this connection, but the radiated field behavior is consistent with the laboratory-scale phenomenon. The M-SONAH reconstructions shown in Figure 5 demonstrate the frequency dependence of the distinct local maximum at 50˚ attributed to BSAN in the discussion of Figure 2 . The BSAN radiation lobe is present at frequencies as low as 330 Hz, and while not seen clearly in Fig. 5 , it is visible as high as 501 Hz (See Fig. 3.) . The spatially dependent spectra in Figure 4 show that the BSAN directivity shifts aft with increasing frequency, similar to the behavior of each multilobe component as discussed above. This further supports the idea that the multilobe behavior was a result of shock-cell interactions.
In the reconstructions at 510 Hz in Fig. 5 , there is a strong downstream feature along the jet centerline with what appears to be a forward radiation directivity. This is actually an aliasing artifact of the NAH processing due to the inability of the array to distinguish forward and aft waves at and above 510 Hz given the resolution of the array and the trace wavelength of the sound waves present in this field. Efforts are underway to create a refined model of the phase information measured along the array in order to extend the NAH reconstructions to higher frequencies.
V. Concluding Discussion
The application of M-SONAH on a hologram near the F-35A has led to insights into the spatially dependent spectral characteristics of the jet noise sources. M-SONAH field reconstructions were obtained for a tethered F-35A operating at 100% ETR. A comparison of both inward and outward field reconstructions to measured benchmarks has demonstrated a preliminary verification of the reconstruction accuracy and helped to define an upper frequency limit of about 510 Hz for which accurate results can be achieved for the current processing methods. Reconstruction results have also provided evidence of a highly self-coherent BSAN lobe, above 300 Hz, within an incoherent field, radiating in the forward direction.
The frequency-dependent trends of the reconstructions also shed light into the behavior of what was previously referred to as "the dual lobe" or the "double spectral peak" in high performance, military aircraft noise. While prior investigations have shown evidence of a spatially dependent dual lobe in the one-third octave band spectra 8, 9, 23 and NAH reconstructions, 7,10 this paper contains the first narrowband evidence that there are more than two lobes in the noise from a high-performance military aircraft. The narrowband jet noise from the F-35A contains clear multilobe behavior in which the spectral peaks appears to shift between 100, 230, 350, and 475 Hz across the 32-m aperture spanned by the NAH array. As frequency increases, each lobe moves aft and decreases in amplitude as a subsequent lobe located in a more forward direction emerges; the directivity of each lobe moves farther aft with increasing frequency while the overall directivity moved forward with increasing frequency. These details may not visible with OTO processing as was required in past reconstructions of a full-scale jet 7, 8, 9, 10 due to restrictions on the use of the data. Hence, it is possible that the double lobe discussed in these past studies is in fact a low-resolution representation of additional lobes.
In future work, advanced array processing techniques will be used to extend the window of accurate reconstructions to higher frequencies. This will allow a more complete characterization of BSAN radiation, the multilobe radiation, and fine-scale turbulence radiation in regions away from the dominant main-radiation lobes. In addition, advanced partial field decomposition methods 10, 33 will be employed to isolate independent radiators that generate the multilobe radiation.
